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OO ; Abstract 

o 

■ High-order perturbative corrections to positronium decays and hyperfine split- 

ting are briefly reviewed. Theoretical predictions are compared to the most recent 
experimental data. Perspectives of future calculations are discussed. 
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^ ; 1 Introduction 

Positronium, an electromagnetic bound state of the electron e~ and the positron e"*", is 
^ \ the lightest known atom. Thanks to the smallness of the electron mass m^. the strong and 

o3 \ weak interaction effects are negligible and its properties can be calculated perturbatively in 
quantum electrodynamics (QED) as an expansion in Sommerfeld's fine structure constant 
a with very high precision only limited by the complexity of the calculations. Positronium 
is thus a unique laboratory for testing the QED theory of weakly bound systems. The 
theoretical analysis is, however, complicated in comparison to other hydrogen-like atoms 
by annihilation and recoil effects. At the same time due to negligible short-distance effects 
of the virtual strongly interacting heavy particles, positronium could be a sensitive probe 
of the "new physics" at long distance such as large extra dimensions, mirror universe, 
hypothetical super- weakly interacting massless particles, etc.. Naturally, positronium is 
a subject of extensive theoretical and experimental investigations. 

Besides its phenomenological importance the positronium system is also very interest- 
ing from the theoretical point of view because it possesses a highly sophisticated multiscale 
dynamics and its study demands the full power of the effective field theory approach. 

In this paper we give a brief review of the current status and future perspectives of 
the high order perturbative analysis of positronium in QED. We focus on the positronium 

*Talk given at the Workshop on Positronium Physics, ETH Hnggerberg, Zurich, May 30-31, 2003. 
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ground state decay rates and hyperfine splitting (HFS) as the most promising observables 
for precise experimental measurements. 



2 Positronium decays 

The present theoretical knowledge of the decay rates (widths) of the ^Si orthoposit- 
ronium (o-Ps) and ^Sq parapositronium (p-Ps) ground states to two and three photons, 
respectively, may be summarized as follows 
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The first order corrections to o-Ps and p-Ps decay rates have been found in Refs. P and 
[2j. The logarithmically enhanced second order corrections have been obtained in Refs. j3j 
and |1] . Recently, the calculation of the nonlogarithmic second order corrections has been 
completed in Refs. and [Hj . In the third order only the double logarithmic j7j and single 
logarithmic corrections P] are known. ^ The coefficients D^p parameterize the unknown 
nonlogarithmic 0{a^) terms. The o-Ps decays into five photons and p-Ps decays into 
four photons, which are not included in Eqs. (0121), lead to an increase of the numerical 
coefficients in front of (a/vr)^ by 0.187(11) and 0.274290(8), respectively jH]. Including all 
the terms known so far we obtain for the p-Ps and o-Ps total decay rates 



r*^ = 7.039979(11) iis-^ 
= 7989.6178(2) /is"^ 



(3) 
(4) 



where the given errors stem only from the uncertainty in the numerical values of the per- 
turbative coefficients and we postpone the discussion of the total uncertainty of theoretical 
estimates to Sec. El 

Experimental study of the o-Ps decay rate has a colorful history of inconsistent results 
and poor agreement with theoretical predictions (see Ref. ^Hj for a review). The most 
recent independent measurements in Si02 powder ^T] and vacuum ^] experiments 
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^In Eq. the nonanalytic part of the In a coefficient represents the interference between the first 
order correction and the second order logarithmic term. 
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however, are in a very good agreement with Eq. Q. The most recent experimental data 
on p-Ps decay rate [13] 

r;"P = 7990.9(1.7) fis-^ (7) 
is also consistent with Eq. ^ within the error bars. 



3 Positronium HFS 



Positronium HFS, Au = E{l^Si) - E{l^So), where E{l^So) and E{l^Si) are the en- 
ergy levels of p-Ps and o-Ps ground state, is the most precisely measured quantity in 
positronium spectroscopy as far as the absolute precision is concerned. The most recent 
measurements of HFS yielded [HI ITH] 



203.3875(16) GHz, 
203.38910(74) GHz. 



(9) 



On the theoretical side we have 
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The first order correction has been calculated in Ref. The logarithmically enhanced 
second order correction has been found in Refs. [3 EI- The nonlogarithmic second or- 
der term includes the contribution due to the radiative correction to the Breit potential 
[TH] , the three-, two- and one-photon annihilation contributions the nonannihilation 
radiative recoil contribution [20], and the pure recoil correction computed numerically in 
Ref. [21] and analytically in Ref. [22]- In the third order, as in the case of the decay 
rates, only the double logarithmic [7] and single logarithmic corrections [23] are known. 
Collecting all the available contributions we get 



which exceeds Eqs. ^ 
deviations, respectively. 



Az/*^ = 203.39169 GHz, (11) 
and by approximately 2.6 and 3.5 experimental standard 



4 Structure of QED series and theoretical 
uncertainty 

As far as pure QED predictions are concerned, the accuracy of the current theoretical 
estimates is determined by the missing nonlogarithmic 0{a^) terms. To estimate the 
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Theory 


Experiment 


To 

Tp 
Au 


1.4 • 10"^ fis^' 
1.6 • IQ-^fis-' 
400 kHz 


1.3 • 10"^ fis~' 
1.7/is-i 
740 kHz 



Table 1: Theoretical vs experimental errors. 



corresponding uncertainty we may speculate about the magnitudes of the coefficients 
Do,p,u- Substituting the numerical values for the perturbative coefficients in Eqs. (HJ 01101) 

we get 
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As we observe, the perturbative coefficients do not systematically increase in magnitude 
with the order of the expansion if a (not a/vr) is taken as the formal expansion parameter. 
Thus we estimate the numerical value of Do.p.u/t^^ to be a few units, which is a typical 
number in Eqs. p2| I13 | IT^ . This naive extrapolation is supported by the explicit result 
for the radiative corrections to HPS in muonium where the corresponding coefficient reads 



5. 



(15) 



If the coefficients Do^p^u do not have absolute magnitudes in excess of Eq. (|T5jl then the 
uncertainties due the lack of their knowledge fall within the errors quoted in Tabled For 
comparison the minimal reported experimental errors are also included in this table. ^ 

Further progress in the investigation of positronium decays now crucially depends on 
the reduction of the experimental errors, which now greatly exceed the theoretical one. 
The experimental error for HPS is compatible with a naive estimate of the theoretical 
uncertainty due to as-yet unknown higher order corrections. Should this discrepancy 
persist after the dominant terms of the latter have been calculated and the experimental 
accuracy has been increased, this would provide a signal for new physics. This makes the 
HPS to be one of the most interesting topics in positronium spectroscopy both from the 
experimental and theoretical points of view. 



^If given separately, the statistic and systematic errors are added up in quadrature. 
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5 Theoretical tools and future perspectives 



In positronium the electron and positron are nonrelativistic and have small relative veloc- 
ity u ~ a. The dynamics of the nonrelativistic bound state is characterized by three well 
separated scales: the hard scale of the electron mass rrie, the soft scale of the bound state 
momentum vnie, and the ultrasoft scale of the bound state energy v^nie. The presence 
of several scales and the binding Coulomb effects essentially complicates the high order 
perturbative calculations which require a proper conceptual framework. The effective 
field theory is now recognized as an ultimate tool for the analysis of the multiscale 
systems and, in particular, for the high order calculations of the nonrelativistic bound 
state parameters. The main idea of the method is to separate the scales by expanding the 
QED Lagrangian in v and to use covariant perturbation theory for the analysis of hard 
relativistic modes along with the quantum mechanical description of nonrelativistic soft 
modes. In this way the complicated multiscale problem is decomposed into a sequence of 
simpler problems, each involving a smaller number of scales EH EH] • The last advance 
in the effective theory calculations is connected to the use of dimensional regularization 
122 EH HOI IM] • The advantage of this scheme is the absence of additional regulator scales 
and the simple matching of the contributions of different scales. Consistent use of dimen- 
sional regularization in the nonrelativistic effective theory is based on the concept of the 
threshold expansion [221 • 

The effective theory approach is at the heart of the recent progress in the perturbative 
QCD bound state calculations In QED it was successfully applied, in particular, 

to the evaluation of the most complicated O(a^) and \ia{a) terms in Eqs. (HJEllini) and 
forms a solid basis for the future attack on the nonlogarithmic third order corrections. In 
the effective theory framework the basic ingredients we need to compute Do,p,u are (i) the 
effective Hamiltonian at 0{av'^) and corresponding correction to the nonrelativistic Green 
function, (ii) the leading retardation effects due to dipole interaction of the positronium 
bound state to the ultrasoft photons, and (iii) the three-loop hard renormalization of 
the decay or scattering amplitudes. In the nonrelativistic part of the calculation which 
includes the Hamiltonian, the Green function and the retardation effects some results 
are already available (see e.g. Refs. |231 E3 ESI) ^^'^ remaining analysis poses no 
outstanding technical problem. By contrast, the hard renormalization constants are given 
by three-loop fully relativistic on-shell on-threshold diagrams with four or five external 
lines which are either on the limit or beyond reach of presently available computational 
techniques. This is the main obstacle in the calculation of the third order correction. 

6 Summary 

The calculation of missing 0{a^) nonlogarithmic terms would be one of the most compli- 
cated perturbative calculations in quantum field theory though conceptually the problem 
is clear, all the necessary tools are at hand and a number of partial results have been ob- 
tained. Currently the experimental uncertainty exceeds the theoretical one by two orders 
of magnitude for positronium decay rates and by a factor of two for HPS. Theoretical 
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estimates of the decay rates are in perfect agreement with the results of the most recent 
experimental measurements while the discrepancy of approximately 3cr still exists for HFS. 
This discrepancy, however, does not look dramatic because in this kind of experiments 
the systematic errors could easily be underestimated. New measurements of much higher 
accuracy are mandatory to unambiguously confirm or confront the QED predictions and 
to inspire the theorists for the 0{a^) feat. 
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